Bioÿlms are very important in controlling pollution in aquifers. The bacteria may either consume the contaminant or form biobarriers to limit its spread. In this paper we review the mathematical modeling of bioÿlm growth at the microscopic and macroscopic scales, together with a scale-up technique. At the pore-scale, we solve the Navier-Stokes equations for the ow, the advection-di usion equation for the transport, together with equations for the bioÿlm growth. These results are scaled up using network model techniques, in order to have relations between the amount and distribution of the biomass, and macroscopic properties such as permeability and porosity. A macroscopic model is also presented. We give some results.
Introduction
Bioÿlms are bacteria adsorbed to a surface that link themselves together by excreting extracellular polymer substances (EPS). Bioÿlms are very common. For example, they are the slime that forms in river beds and the plaque on teeth. They also grow inside water conduits and in porous media. They are usually considered a nuisance: they plug and contaminate potable water networks, they damage hydraulic machinery and they sour oil reservoirs. But they can also be very useful. They can be used for bioremediation of contaminant plumes and for microbial enhanced oil recovery. In any case, the growth mechanisms and their interaction with ow and transport properties needs to be better understood.
The use of bioÿlms to form biobarriers is a new technology that is just being explored. See, for example [2] . The method consists of using bioÿlm-forming bacteria [6] to plug the media forming a biobarrier. The bacteria may already be present in the aquifer or may need to be injected. Nutrients may also need to be injected into the aquifer so that they get to the bacteria and feed it. The bioÿlm will then grow and under certain conditions will substantially reduce the permeability in certain regions of the porous medium. Biobarriers can thus be created to block pollutant plumes away from sources of drinking water. A second way of controlling pollution is to use bacteria that will react with the pollutant and transform it into nonnoxious substances. The method to use depends on the type of pollutant. There is also the question of biobarrier persistence, since once the medium is plugged nutrients cannot get to the bioÿlm. Also some pollutants will eventually kill the bacteria. Biobarriers can also be combined with traditional pump and treat technologies to clean the pollutant plume.
One of the most common applications of microbes in the petroleum industry, is the use of bioÿlms in situ to plug high permeability zones and improve the water ood sweep e ciency in enhanced oil recovery. A second use is to have bacteria that produce CO 2 and therefore increases the gas pressure inside the reservoir to get a renewed oil ow.
In this paper we will concentrate on reviewing some methods for the relatively simpler problem of bioÿlm growth and its e ects on underground water ow. More information on bioÿlm growth models for oil reservoirs and the complications of dealing with multiphase ow can be found in [23] .
Even in the simpler case of one-phase ow, the processes of bioÿlm growth and its coupling to the already complicated phenomena of ow of subsurface water and the convection and di usion of both contaminants and nutrients need to be better understood. Work needs to be done from biological, chemical, physical, mathematical and computational points of view. Equations that better re ect those processes need to be developed, and methods of solution that are fast, e cient and accurate have to be found.
In this paper we deal with the di erent aspects of modeling bioÿlm growth. The ÿrst is modeling at the microscopic or pore scale. The second is the use of network models to scale up things to the laboratory scale, and the third one is a laboratory scale numerical model. We will obtain important information on the coupling of ow, transport and growth e ects, including relations between the amount of biomass and the porosity and permeability of the porous medium.
The organization of the paper is as follows. In Section 2 we present a mathematical model for bioÿlm growth at the pore scale and show how to solve the resulting equations. In Section 3 we present the network model and its use in scaling-up information. Section 4 deals with the macroscale model, and Section 5 has some conclusions and future work.
Pore-scale model

Mathematical model
Since the early sixties, there have been some models for bioÿlm growth in straight pipes [19] . However, these models do not take into account the in uence of pore geometry, or the e ect of the bioÿlm on the ow or on the transport of dissolved substances. Bioÿlm accumulation, mass transport and biotransformation are all coupled together. The equations describing the processes are highly nonlinear and coupled together. Furthermore, in porous media the geometry is very complicated.
In a porous medium, suspended bacteria are transported to the pore surface, where, under the right conditions, they may adsorb. The adsorbed cells may then desorb, or grow, multiplicate and produce EPS to form a bioÿlm. Additional microorganisms may attach to the bioÿlm, and other bacteria may detach. Nutrients may ÿltrate into the bioÿlm providing the mass for bacterial growth and reproduction.
We do not consider the problem of how bacteria adsorb and desorb from a pore surface. It is still an open question. Instead, we assume that there are already very thin patches of bioÿlm present.
The growth at each point of those patches will depend on the type of bacteria, on the amount of nutrients present and on the uid stresses on the bacteria. The last two e ects depend strongly on the geometry of the pores. Since it is unrealistic to model real pores due to their variability and extreme complexity, we use a model pore consisting of a straight tube with an expansion. In this way we can take into account some of the e ects of tortuosity, while keeping a relatively simple geometry. Tubes like this can be linked together to give a more realistic pore channel.
We present the situation of a bioÿlm interacting with a single nutrient. The other nutrients are assumed to be present in su cient quantities. The coupling of the processes is as follows: start with an initial distribution of bioÿlm and initial uid ow and concentration values for the nutrients. The ow and di usion carry the dissolved nutrient to the surface of the bioÿlm. As the nutrients get into the bioÿlm, the bioÿlm grows. There is also growth due to attachment of bacteria and size decrease due to detachment and death of bacteria. These processes determine a new thickness of the bioÿlm. This change in thickness modiÿes the e ective size of the pore, which implies that there is a new ow domain. Now there is a new ow pattern, which causes, together with the di erent thickness of bacteria, new values for the distribution of nutrients. And so on. In many cases the processes reach a steady state.
The bioÿlm model that we use is based on Monod kinetics for the growth rate [12] . For simplicity, we present here a model that considers a bioÿlm consisting of only one species of microbes and where the bioÿlm growth is locally perpendicular to the substratum at which the bioÿlm is adsorbed. We denote this direction by Á. More species can be added with much complication, but there is no good way to let the growth be in more than one dimension.
The bioÿlm is formed by two phases: water and microbes. Nutrients are dissolved in water and are advected and di used into the bioÿlm. As mentioned before, for simplicity, we consider only one nutrient. Bacteria need several nutrients to survive. Our assumption implies that there is only one limiting nutrient and that there is enough of the other necessary nutrients. Monod kinetics can be modiÿed to include more nutrients. Therefore, the bioÿlms under consideration consists of two phases, a liquid one (water) and a solid one (cells). In the liquid phase there is one dissolved substance, the limiting nutrient. Furthermore, the velocity of water inside the nutrient is very small so we can neglect it. Inside the bioÿlm, we have conservation of mass for both bacteria and nutrient, with the rate of utilization of substrate by the bacteria given by Monod kinetics:
for the concentration of the solute c l and
for the density s of solid species. Here l and s are the local volume fractions of the bioÿlm occupied by the water and the microbes respectively. D f l is the di usion coe cient of the nutrient in water, t is time, v s is the velocity of the bacteria inside the bioÿlm, and r s and r l the rates of growth of the bacteria and of decrease of the nutrient, respectively. These rates are given by Monod kinetics [6] ,
and
Here is the maximum speciÿc growth rate, K the Monod saturation coe cient, b the death rate coe cient and Y the yield of bacteria per unit of nutrient. Simpliÿcations can be made by considering that the volume fraction of water l is constant. Then, since l + s = 1, we have that s is also constant. Therefore, Eq. (2) simpliÿes to
The velocity of the bioÿlm surface is obtained by integrating (5) and considering the interfacial transport rate. The velocity at the pore wall is zero, and, therefore, the velocity of the interface of the bioÿlm, v I is given by
Here L f is the position of the bioÿlm interface and is obtained by integrating the interface velocity dL f =dt = v I . The velocity of the interface is due to two e ects, the movement of the bacteria inside the bioÿlm due to their growth and the transfer of bacteria from the bioÿlm to the bulk liquid and viceversa, r s . For established bioÿlms, the net e ect is detachment of cells from the bioÿlm, and it is observed empirically that this detachment is proportional to L 2 f for slow uid velocities, which are the norm in porous media. The result can also be justiÿed theoretically, since for thicker bioÿlms, the cells closer to the wall do not get su cient amounts of nutrients. Using v s from Eq. (5), we can write (6) as
A change of variables = Á=L f can be used in the above equation to have a ÿxed integration domain from zero to one. So, in order to ÿnd L f we have to solve the coupled equations (1) and (7). It is easier to use an iterative scheme and solve one equation at a time: give an initial value for L f , solve (1), then solve (7) to obtain a corrected value of L f , and iterate until convergence. By using and explicit numerical scheme, it is possible to avoid this iteration as explained in the next subsection.
Eq. (1) needs boundary and initial conditions. The initial condition can be given arbitrarily; the condition at Á = 0 is zero ux, but the conditions at the bioÿlm interface are continuity of the value and of the ux of the concentration. This requires either the coupled solution with the equation for the nutrient outside the bioÿlm or an additional iteration. We will follow the second option as described below. The bioÿlm equations, even though are written in terms of t and Á, depend also on the coordinate along the pore wall.
We now consider the equations outside the bioÿlm, that is, in the pore region covered by water. Here we need to model the ow of water and the advection and di usion of the nutrient. At the microscopic scale the ow is modeled by the Navier-Stokes equations. Since our model is in two dimensions, we will use the vorticity-stream function formulation. The vorticity is deÿned as ! = @v=@x − @u=@y, where u and v are the velocities in the x and y directions respectively. The stream function is deÿned by u = @ =@y, v = − @ =@x. The advantage is that there are only two unknowns, the vorticity and the stream function, instead of the usual three: two velocities and one pressure. In these variables the equations are
and 2 + ! = 0:
The parameter Re is the Reynolds number. The boundary conditions are zero velocities at the walls and bioÿlm interfaces, velocity given at the inlet of the pore and zero change in the velocities in the direction of ow at the outlet. In terms of the boundary conditions are: given at the inlet, constant at the walls and bioÿlm interfaces, and @ =@n = 0 at the outlet, where n is the direction of the ow. Boundary conditions for the vorticity are derived by applying Eq. (9) at the boundaries. Initial conditions can be given arbitrarily, subject only to consistency with the boundary conditions. We usually impose a parabolic ow proÿle, and uniform value for the concentration of the dissolved nutrient.
The transport of the nutrient is given by the usual advection-di usion equation. For simplicity we will assume that there is no interaction with the bacteria outside the bioÿlm, but if there is, a reaction term can be added as was done inside the bioÿlm:
Here C = (u; v) is the velocity vector, D the di usion coe cient, c l the mass concentration of the nutrient. The boundary conditions are given concentration at the inlet, zero normal ux at the walls, continuous values and normal uxes at bioÿlm interfaces, and no change for the concentration in the ow direction at the outlet. As mentioned before, we have nonstandard boundary conditions at the bioÿlm interfaces: continuity of the concentration and its normal ux. These boundary conditions force us to either solve the equations inside and outside the bioÿlm simultaneously or iterate: guess the value of the ux, use this value to obtain a value for concentration at the interface for the equation inside the bioÿlm, solve the bioÿlm growth equations and obtain a new value of the ux. This process is repeated until convergence.
Numerical model
Eqs. (1), (7)-(10) need to be solved numerically. We will consider the case where the pore is represented by tubes with rectangular expansions and contractions. A time stepping procedure is implemented by replacing the time derivative with forward ÿnite di erences [1] . A rectangular spatial grid is constructed inside the domain. It can be locally reÿned to better resolve vortices, but since the velocities are relatively small, it is not necessary to do so. The spatial derivatives are approximated by centered di erences. This is a good approximation since the Reynolds numbers of interest are very low, of the order of 10. For the integral in (7), the trapezoidal rule [14] , is used as an approximation. The schemes used are all explicit to avoid solving linear systems, but implicit schemes were also tested and compared. Inside the bioÿlm, the Á coordinate is gridded in a ÿner way, usually by a factor of 10. Boundary conditions are discretized in a similar way.
The main di culty is that all the equations are coupled. The ow determines the transport which gives the bioÿlm growth. But the transport is also in uenced by the size of the bioÿlm, which also changes the domain of the ow. We use the following procedure in order to avoid the simultaneous solution of all equations.
At any given point in time, we ÿrst advance Eq. (8) one time step to obtain the vorticity, then (9) gives the stream function. The solution of (9) requires solving a linear system which is nonsymmetric. SOR [14] works very well since we have a very good starting guess from the value at the previous time step. To obtain the velocity we di erentiate the stream function. This velocity is then used in (10) . We use for the boundary condition at the bioÿlm interface, the value of the concentration ux from the previous time step. We can do this because the scheme is explicit. Now we have the solution at the new time outside the bioÿlm. For implicit schemes we need to use the boundary value at the new time step, which also depends on the thickness of the bioÿlm. Next we solve Eqs. (1) and (7) inside the bioÿlm. The value of the concentration of the nutrient at the interface is known, so (1) can be solved with an explicit scheme. The bioÿlm thickness can then be determined by using the thickness at the previous time level in the right-hand side of (7) .
Once the thickness of the bioÿlm is known at each boundary grid point, there are three possibilities: the growth is negligible, small or large. These values are referenced with respect to the diameter of the tube. In the ÿrst case, the ow will not change, so we do not need to solve the NavierStokes equations again. In the second case, we can introduce a domain perturbation to keep the same compositional region, but the ow will change. The third case requires a di erent numerical method, since the region will no longer be rectangular. A mixed ÿnite-element method for the Navier-Stokes equations works well [17] .
We will present the perturbation procedure used for the second case, only for a horizontal wall. The formulation is similar for other walls. Assume that, without, bioÿlm the position of the wall is y = y 0 . If the position of the interface is L f (x), assumed small, we can expand any of our unknowns using a Taylor series about y = y 0 . Let the unknown be u(x; y).
A boundary condition involving the value of u will now be more complicated, since it will include a ÿrst and a second derivative, but the condition is imposed at the original boundary. This way we always have a regular constant domain. The perturbation scheme was tested by solving problems in a straight tube with a uniform bioÿlm, both by doing the perturbation and by moving the grid. The di erence was of the expected order O(L 3 f ). Computer runs were done using di erent size grids and time steps to assure that the schemes were behaving in the right way. Comparisons were also done with some experiments. In particular with an experiment using an artiÿcial bioÿlm consisting of Pseudomonas Aeruginosa in a channel reactor. The limiting nutrient was oxygen. Fig. 1 shows the experimental and calculated results. The circles represent the measured values. In this case the results are very good, but in general the di erence is larger. See [9] , for more details.
Microscopic models, such as the one described above, help understand the basic bioÿlm growth processes, help determine parameters that are hard or impossible to measure, and complement experiments. More details and results can be found in [7, 8] . 
Network models
Porous media are very complicated. It is not possible to simulate the ow in porous media by simulating the ow through each pore. But macroscopically, we do not see individual pores. We see an "averaging" of the ow through individual pores. In order to obtain results at the macroscopic scale, some simpliÿcations that give this "averaging" need to be done. In order to use the results of a microscopic model in a macroscopic model some scaling up needs to be done.
One method that can be used is homogenization [4] which is a formal mathematical technique for averaging the microscopic equations and obtaining macroscopic descriptions of the porous medium. It has been successfully used to derive Darcy's law from the Navier-Stokes equations, for both single and multiple-phase uids [5, 13] . Its use for the transport equation is described in [10] .
A second method is the use of network models. We will concentrate on explaining a network for bioÿlm growth. A network model is a generalization of the percolation models used to simulate ow in a porous medium. The porous medium is represented by a series of interconnected straight tubes. Other types tubes with varying diameters could be used, but the increase in workload is very high. We consider that all tubes have the same length and form a rectangular net (see Fig. 2 ). (Other types of networks such as hexagonal and with tubes of di erent lengths have also been tried, but the results are similar.) The di erences in pore diameters are introduced by assigning the radii of the tube by a log-normal distribution. The mean, , and variance, , will depend on the type of media we are simulating. Many di erent realizations, about one hundred, are done to average out the e ect of the particular distribution. Inside each tube, or pore, we can use a microscopic model for ow, transport and bioÿlm growth, and the whole network will produce results that are scaled up to the laboratory scale. Our macroscopic model will simulate a fairly homogeneous porous medium while incorporating the variability existing at the microscopic scale.
In our model, the ÿrst step is to calculate the ow through a given network. In our square network, four tubes will join in a node, except at the boundaries. If we denote by a subindex i the ith node in the net, the volumetric ow rate through a pipe joining nodes i and j, q ij ; is proportional to the di erence of the head values, h i − h j , We assume Poiseuille ow through each pipe, sok j;i is proportional to the radius of the tube to the fourth power. We also assume that the volume of the nodes is negligible. This is true if the tubes are much longer than wider. By imposing the value of the head at the inlet and outlet of the network, we obtain a system of linear equations for the volumetric ow rates. Successive overrelaxation, SOR, works very well since the matrix is symmetric, positive deÿnite and very sparse. Inside each tube, the nutrient is transported and reacts with the bacteria. Because of the large number of tubes, we make the simplifying assumptions that the ow inside each tube is one dimensional and that all the nutrient in the tube can react with the bioÿlm. We also assume that all the bacteria are in the bioÿlm. The equations for transport and reaction are
and, since the bacteria are not mobile,
where r s and r l are Monod reaction rates deÿned by Eqs. (3) and (4), v = q= a 2 is the average velocity in the tube of radius a assuming Poiseuille ow with ow rate q (from solving (12)), and D is the dispersion coe cient.
Eq. (13) is discretized using an upwinded explicit ÿnite di erence scheme [1] . This method introduces artiÿcial di usion. The number of grid points in each tube, necessary to reduce this error to very small values compared with the real dispersion is very large. Instead we choose the number of grid points so that the numerical di usion is of the size of the real di usion and put D = 0 in (13) . The number of grid points using this strategy goes from ten to about one thousand depending on the velocity in the tube.
This model gives us ow, transport and reaction in a porous medium. The two main e ects that we are interested in are the changes in porosity and permeability due to changes in the amount of biomass. As the bacteria adhered to the walls grows and multiplies, the e ective radii of the tubes decrease. The macroscopic e ect is a reduction in the total porosity and permeability of the network. We assume that the bacteria are distributed uniformly along each tube. For some species of bacteria this is a good assumption, but other bacteria form patchy bioÿlms and the methods will need modiÿcation to model them. 
The porosity is the portion of the tubes not occupied by bacteria divided by the total volume of the tubes. Therefore, it is proportional to the sum of the squares of the e ective radii. For a given pressure drop across the network, the permeability is proportional to the volumetric ow rate. The same is also true for layers inside the grid. So we can put bioÿlm on parts of the network and run simulations to see if the bioÿlm is able to block some regions, and thus form a biobarrier.
For more details and results see [21, 22] .
Macroscale model
A macroscopic model of bioÿlm growth in homogeneous porous media consists of simulations of ow, transport, and bacterial growth, including e ects of amount and distribution of biomass on porosity and permeability. One very important application is the design of biobarriers for the contentment of contamination plumes. The model we present here considers again only one nutrient and only one species of bacteria that is always adhered to the pore walls. The equations for the ow are
Eq. (15) is known as Darcy's law. Here C is the macroscopic uid velocity, k the permeability of the medium, the viscosity of water, the porosity and p the pressure. It is an averaged version of the microscopic ow equations. The second equation, (16) , is the incompressibility of water.
Transport and interaction between nutrient and bacteria are given by
The parameters in these equations are macroscopic parameters that can be measured or obtained from the microscopic ones by using homogenization as mentioned before. Eqs. (15) and (16) can be solved very e ciently by using a mixed ÿnite element method [20] . The transport-reaction equations are harder to solve. Without reaction there are good methods of solution. For di usion dominated problems almost any method works. When convection dominates, care is needed to prevent unphysical oscillations and control artiÿcial di usion. Eulerian-Lagrangian methods and modiÿed methods of characteristics have been developed by taking into account the hyperbolic nature of convection dominated ows [11] .
With reaction terms, there is the additional di culty that small truncation errors could render the values of the concentrations negative and may be enough to make the problem numerically unstable. Methods with numerical di usion can slow down the process at the cost of smearing the solutions. Mickens [18] , has proposed a method for dealing with logistic reaction terms that is "exact".
He uses nonlocal modeling of the reaction terms to obtain zero truncation error in ordinary differential equations and some partial di erential equations. Kojouharov and Chen [16] , extended the method to more general convective-reaction equations with variable velocity ÿelds. The variable velocities are lower order polynomials in the spatial variable, which is not a restriction since those polynomials are the ones used as basis functions in ÿnite element methods. They also use nonuniform grids in front and in back of sharp fronts.
There is still the need to modify the porosity and permeability as the biomass changes. Changes in porosity can be calculated in a similar way as done in Section 3, since if we know the amount of biomass and its density we know the volume that it occupies. Permeability changes are harder. We can use the curves calculated by the network model of the previous section. Other relations can be derived by assuming that the porous medium is composed of uniformly packed spheres.
Knapp et al. [15] , give the following relation between the reduction of permeability of a porous medium and the reduction of porosity due to bacterial plugging of the medium k=k 0 = ( = 0 ) n where k and are the permeability and porosity and the subindex 0 refers to the initial value. n is and experimentally determined parameter, which is around three. Several other formulas are given by Bear [3] .
Conclusions
In this paper we have reviewed some models of ow, transport, reaction and bioÿlm growth in porous media. First we presented a microscopic model to simulate bioÿlm growth inside a porous medium. This model is useful for doing simulations under a variety of hypotheses. We have also presented a network model to scale results from the pore scale into the laboratory scale. This method produces resulting values that are averages of the microscopic ones. Finally we have given a macroscopic model based on Darcy's law. The model includes some relations between amount of biomass and macroscopic properties such as porosity and permeability. Some of the results produced using these methods agree very well with experimental work.
The methods can be generalized to more bacterial and nutrient or pollution species in a straightforward way, but the computational cost increases rapidly with the number of species. More liquid phases can also be included to study the possibility of controlling nonaqueous phase contaminants. Di erent bacterial growth kinetics can also be incorporated. A major e ort is needed to deal with wells and ÿeld scale heterogeneities.
